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1 .  I n t r o d u c t i o n  
I n  a  r e c e n t  p a p e r  [ 7 ) ,  l y a s e  i n v e s t i g a t e d  t h e  e x i s t e n c e  a n d  u n i q u e n e s s  o f  s o l u t i o n s  
o f  f o u r t h  o r d e r  f o u r - p o i n t  b o u n d a r y  v a l u e  p r o b l e m  ( b v p )  o f  t h e  f o r m  
x <
4
)  =  f ( t ,  x ,  x ' ,  x " ,  x " ' )  +  e ( t ) ,  
x ( O )  = . x ( ' l d  =  x ( f J 2 )  =  x ( 1 )  =  0 ,  ' 1 1  : / ;  ' 7 2 ,  
w h e r e  f :  [ 0 ,  1 )  x  R
4
- R  s a t i s f i e s  t h e  C a r a t h e o d o r y  c o n d i t i o n s ,  e  E  £
1
[ 0 . 1 )  a n d  
0  <  ' l i  <  1 ,  i  =  1 ,  2 .  P r i o r  t o  t h i s ,  s i m i l a r  i n v e s t i g a t i o n s  h a v e  b e e n  u n d e r t a k e n  
f o r  f o u r t h  o r d e r  b v p s  b y  A f t a b z a d e h  [ 1 ] ,  A r g w a l  [ 3 )  a n d  G u p t a  [ 4 ] ,  t o  m e n t i o n  a  
f e w ;  a n d  f o r  t h i r d  o r d e r  t h r e e - p o i n t  b v p s  b y  A f t a b z a d e h  e t  a l .  [ 2 ]  a n d  G u p t a  a n d  
L a k s h m i k a n t h a m  [ 6 ) .  O u r  p r e s e n t  s t u d y  d e r i v e s  i t s  m o t i v a t i o n  f r o m  t h e s e  e a r l i e r  
w o r k s .  O u r  i n i t i a l  d e s i r e  w a s  t o  e x t e n d  l y a s e ' s  r e s u l t  t o  m o r e  g e n e r a l  b o u n d a r y  
c o n d i t i o n s  i n v o l v i n g  t h e  u n k n o w n  f u n c t i o n  x  a s  w e l l  a s  i t s  d e r i v a t i v e s  a s  w a s  
t h e  c a s e  i n  t h e  t h i r d  o r d e r  p r o b l e m  [ 2 ) ;  i t  t u r n e d  o u t  h o w e v e r  t h a t  w e  c o u l d  
d o  m u c h  m o r e  t h a n  t h i s .  W e  s h a l l  i n  f a c t  s h o w  t h a t  e x i s t e n c e  a n d  u n i q u e n e s s  
r e s u l t s  c a n  b e  o b t a i n e d  f o r  a  w i d e r  c l a s s  o f  f o u r t h  o r d e r  e q u a t i o n s ,  s u b j e c t  t o  
v a r i e d  b o u n d a r y  c o n d i t i o n s .  
I t  i s  p e r t i n e n t  t o  n o t e  t h a t  f o u r t h  o r d e r  b o u n d a r y  v a l u e  p r o b l e m s  o f  t h e  t y p e  
s t u d i e d  h e r e  o c c u r  i n  a  v a r i e t y  o f  p h y s i c a l  p r o b l e m s .  D e t a i l s  o f  s u c h  a p p l i c a t i o n  
c a n  b e  f o u n d  i n  [ 2 ,  3 ,  5 ) .  
A  f u n c t i o n  g  :  [ 0 ,  1 ]  x  R
4  
- R  i s  s a i d  t o  s a t i s f y  t h e  C a r a t h e o d o r y  c o n d i t i o n  i f  
( i )  g ( - .  y )  i s  m e a s u r a b l e  f o r  e v e r y  y  E  R
4
;  
R e c e i v e d  A u g u s t  1 0 ,  2 0 0 0  
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( i i )  g ( t , ' · )  i s  c o n t i n u o u s  f o r  a . e .  t  E  [ 0 ,  1 ) ;  
( i i i )  f o r  e v e r y  r  >  0 ,  t h e r e  i s  a  f u n c t i o n  " f r  E  £
1  
[ 0 ,  1 ) s u c h  t h a t  f o r  a . e .  t  E  [ 0 ,  1 ) ,  
l g ( t ,  Y ) l  $  1 r ( t )  w h e n e v e r  I I Y I I  $  r .  
W e  s h a l l  b e  c o n c e r n e d  w i t h  b v p s  o f  t h e  f o r m s :  
( 1 . 1 )  u < * " )  +  ~E u " ) u " '  =  g ( t ,  u ,  u ' ,  u " ,  u " ' )  +  e ( t )  
( 1 . 2 )  u " ( O )  =  u " ( 1 )  =  u ' ( ' 7 1 )  =  u ( ' 1 2 )  =  0 ,  0  $  ' 7 1 ,  ' 7 2  $  1 ;  
( 1 . 3 )  u < * " )  +  t / 1 (  u ' )  =  g ( t ,  u ,  u ' ,  u " ,  u " ' )  +  e ( t )  
( 1 . 4 )  u " ( O )  =  u " ( 1 )  =  u ' ( O )  =  u ( ' l )  =  0 ,  0  $  ' 7  $  1  
( 1 . 5 )  u < * v )  +  x (  u ' ) u "  =  g ( t ,  u ,  u ' ,  u " ,  u " ' )  +  e ( t )  
( 1 . 6 )  u ' ( O )  =  u ' ( 1 )  =  u ( ' l J )  =  u ( ' 1 2 )  =  0 ,  ' 7 1  # ;  ' 7 2 , 0  $ ' I t <  1 , 0  <  ' 7 2  $  1 ,  
W e  s h a l l  a l s o  c o n s i d e r  t h e  u n p e r t u r b e d  e q u a t i o n  
( 1 . 7 )  u < * • )  =  g ( t ,  u ,  u ' ,  u " ,  u " ' )  +  e ( t )  
st~<gied b y  l y a s e  [ T ]  t o g e t h e r  w i t h  e a c h  o f  t h e  f o l l o w i n g  ' b o u n d a r r  c o n d i t i o n s :  
.  .  
( 1 . 8 )  u ( O )  =  u ( 1 )  =  u ' ( O )  =  u ( ' l )  =  0 ,  0  <  ' 7  ~ 1 ;  
( 1 . 9 )  u " ( O )  =  u
1 1 1
( 1 )  =  u ' ( ' 7 1 )  =  u ( ' 1 2 )  =  0 ,  0  $  ' 7 1
1  
' 7 2  $  1 ;  
( l . i O )  u ' ( O )  =  u " ( 1 )  =  u ( ' 7 1 )  =  u ( ' 1 2 )  =  0 ,  ' 7 1  # ;  ' 7 2 , 0  $  ' 7 1  <  1 , 0  <  ' 7 2  $  1 ;  
( 1 . 1 1 )  u ' ( O )  =  u ( 1 )  =  u " ( ' 7 1 )  =  u " ( ' 7 2 )  =  0 ,  Q. $  D1~·D1O $  1  .  
I t  w i l l  b e  a s s u m e d ,  i n  w h a t  f o l l o w s ,  t h a t  ~K t / 1 ,  x  :  R  - R  a r e  c o n t i n u o u s  
f u n c t i o n s ,  g  :  [ 0 ,  1 ]  ' x  R ' '  - R  s a t i s f i e s  t h e  C a r a t h e o d o r y  c o n d i t i o n s  a n d  t h a t  
e  E  £
1
[ 0 ,  1 ) .  
2 .  T h e  l i n e a r  p r o b l e m  
E a c h  o f  t h e  b v p s  s p e c i f i e d  a b o v e  c a n  b e  p u t  i n  t h e  f o r m  
( 2 . 1 )  
L , . +  N u  =  e ,  
wh~~e N :  X - Z  i s . a  nonline~ o p e r a t o r ,  X  a n d  Z  & f e  Ban~ a p a c e s  a n d  
( 2 . 2 )  
L  :  D ( L )  C  X  - Z ,  i~ =  u < i • )  
i s  a  l i n e a r  o p e r a t o r ,  w h o e e  d o m a i n ,  D ( L ) ,  i s  d e f i n e d  r e l a t i v e  t o  t h e  bound~y 
c o n d i t i o n  s a t i s f i e d .  T o  b e  m o r e  s p e c i f i c ,  l e t  
{  
u  E  [ 0 ,  1 ] - R  s u c h  t h a t  u U > , j  =  0 ,  1 ,  2 , 3  
H
4
( 0 ,  1 )  =  i s  a b s o l u t e l y  C O f i : t i n u o u a  a n d  
uEit~F E  L
2
[ [ 0  1 }  R ]  u U >  =  d ' u  
,  '  '  - T t T  
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w i t h  t h e  u s u a l  i n n e r  p r o d u c t  a n d  c o r r e s p o n d i n g  n o r m  1· 1
4
,  a n d  l e t  X =  C
3
[ 0 ,  1 ) ,  
Z  =  £
1
[ 0 ,  1 ) .  T h e  d o m a i n  D ( L )  C  C
3
[ 0 ,  1 )  o f  L i s  d e f i n e d  b y :  
( 2 . 3 )  
D ( L )  _  {  u  E  H
4
( 0 ,  1 )  s u c h  t h a t  u  s a t i s f i e s  o n e  o f  t h e  b o u n d a r y  
- c o n d i t i o n s  ( 1 . 2 ) ,  ( 1 . 4 ) ,  ( 1 . 6 ) ,  ( 1 . 8 ) ,  ( 1 . 9 ) ,  ( 1 . 1 0 )  o r  ( 1 . 1 )  
F o r  t h e  b v p  ( 1 . 1 ) ,  ( 1 . 2 ) ,  f o r  e x a m p l e ,  t h e  d o m a i n  o f  t h e  c o r r e s p o n d i n g  o p e r a t o r  
L i s  g i v e n  b y  
( 2 . 4 )  D ( L )  =  { u  E  H \ 0 ,  1 )  l u " ( O )  =  u " ( 1 )  =  u ( r 7 1 )  =  u ( 1 J 2 )  =  0 } .  
W e  n o w  o b t a i n  s o m e  p r o p e r t i e s  o f  L .  
L E M M A  2 . 1 .  L e t  L  b e  d e f i n e d  b y  ( 2 . 2 )  a n d  ( 2 . 3 ) .  T h e n  k e r  L  =  { 0 } .  
P r o o f  
W e  v e r i f y  t h i s  f o r  t h e  b o u n d a r y  c o n d i t i o n s  ( 1 . 1 0 )  a n d  ( 1 . 6 ) ,  s i n c e  t h e  p r o o f  i n  
t h e  o t h e r  c a s e s  c a n  b e  o b t a i n e d  i n  t h e  s a m e  w a y .  A s s u m e  t h a t  u  =  O:~=
1 
A , t '  i s  
a  n o n - t r i v i a l  s o l u t i o n  o f  L u  =  0  a n d  ( 1 . 1 0 ) .  T h e n  f r o m  ( 1 . 1 0 ) ,  u ' ( O )  =  0  = A t ,  
a n d  t h e  o t h e r  t h r e e  b o u n d a r y  c o n d i t i o n s  g i v e :  
A o - +  AOD1~ +  APDT~ =  0 ;  A o  +  AO D1~ +  APDT~ =  0 ;  A 2  +  3 A 3  =  0 .  
T h e  d i s c r i m i n a n t ,  A ,  f o r  t h i s  s y s t e m  ( i n  A o ,  t h ,  A 3 )  i s  g i v e n  b y  
A =  - ( ' 7 1 - D1OF[DT~ +  ' 1 1 ' 1 2  +  D1~- 3 ( ' 7 r  +  1 J 2 ) ] .  
S i n c e  ' 7 i  : f .  1 J 2 ,  0  : S  ' 1 1  <  1 ,  0  <  1 J 2  : S  1 ,  i t  i s  c l e a r  t h a t  
IKI~ +  ' 1 1  1 1 2.  +  D1~ - 3 (  ' 7 1  +  ' 1 2 )  =  - r z 1  ( 1  - ' 7 1 )  - ' 1 2 ( 1  - ' 1 2 )  ·  
- ' 7 1  (  1  - ' 7 2 )  - ' 7 1  - 2 ' 7 2  <  0  
· a n d  h e n c e  t h a t  A  : f .  0 .  T h e r e f o r e  A o  =  A
1  
=  A 2  =  A 3  =  0 .  
I n  t h e  c a s e  o f  t h e  b o u n d a r y  c o n d i t i o n  ( 1 . 6 ) ,  t h e  c o r r e s p o n d i n g  d i s c r i m i n a n t  
A  i s  
[  
2  2  2  ]  
A =  3 ( ' 1 2 - ' 7 t )  ( ' 7 1  +  ' 1 2 ) - 3 ( ' 1 1  +  ' 1 2  +  ' 7 1 ' 7 2 )  ,  
I  
a n d  i t  i s  a n  e a s y  m a t t e r  t o  s h o w  t h a t  t h e  e x p r e s s i o n  i n  t h e  s q u a r e  b r a c k e t  i s  
p o s i t i v e ,  s o  t h a t  A  : f .  0 .  
C o R O L L A R Y  2 . 1 .  S u b j e c t  t o  t h e  c o n d i t i o n s  o f  L e m m a  2 . 1 ,  t h e  e q u a t i o n  
( 2 . 5 )  
L u  =  e  
t o g e t h e r  w i t h  e a c h  o f  t h e  b o u n d a r y  c o n d i t i o n s  { ! . 2 ) ,  ( 1 . 4 ) ,  ( 1 . 6 ) . ,  ( 1 . 8 ) ,  ( 1 . 9 ) ,  
( 1 . 1 0 ) ,  ( 1 . 1 1 )  h a s  a  u n i q u e  s o l u t i o n .  
I '  
. .  
. .  
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W e  s h a l l  n e x t  o b t a i n  e x p r e s s i o n s  f o r  t h e  u n i q u e  s o l u t i o n s  i n  q u e s t i o n .  O b s e r v e  
f i r s t  t h a t  s i n c e  k e r  L  =  { 0 } ,  t h e r e  e x i s t s ,  f o r  e a c h  L ,  a  l i n e a r  m a p  K  :  Z  - + X  
s u c h  t h a t  f o r  z  E  Z ,  K z  E  D ( L )  a n d  L K z · =  z ;  a n d  f o r  u  E  D ( L ) ,  K L u  =  u .  
T h u s  u  =  K e  i s  t h e  u n i q u e  s o l u t i o n  o f  ( 2 . 5 )  f o r  e a c h  e  E  Z .  A p a r t  f r o m  t h i s ,  
t h e  e x i s t e n c e  o f  K  w i l l  p l a y  a  m o r e  c r u c i a l  r o l e  i n  t h e  p r o o f  o f  t h e  e x i s t e n c e  
t h e o r e m s .  
L E M M A  2 . 2 .  L e t  L  b e  d e f i n e d  b y  ( 2 . 2 ) .  T h e n  t h e  c o r r e 1 p o n d i n g  l i n e a r  m a p  
K  :  Z - +  X ,  f o r  e a c h  o f  t h e  b o u n d a r y  c o n d i t i o n s  ( 1 . 2 ) ,  ( 1 . 4 ) ,  ( 1 . 6 ) ,  ( 1 . 8 )  a n d  
( 1 . 1 0 )  i 6  r e s p e c t i v e l y  g i v e n  b y :  
1  / 1  I T  
( 2 . 6 ) ( K  z ) ( t )  =  
S
EPfg~Et- r n ) - ( t
3
- D1~Fz J o  J o  z ( s )  d s  d r  
+  1 '  1~ ( '  r  z (  s )  d s  d r  d o :  d P ;  
1 1 2  1 1 1  l o  l o  
<  3  , 3 >  
1
1  r  
( 2 . 7 ) ( K z ) ( t ) =  
1 1
;  l o  J o  z ( s ) d s d r  
+  1 '  1 "  l a  1 T  z ( s ) d s d r d c x d P ;  
[  
I '  t
2
( t - ' 1 )  I '  t
2
( 1 - t )  1 " ]  
(
2
. S ) ( K z ) ( t )  =  l o  +  ( ' 1 - 1 )  l o  +  ' 1
2
( ' 1 - 1 )  l o  
x  1~ 1 °  1 T  z ( s ) d s d r d c x d P ;  
( 2 . 9 ) ( K z ) ( t )  =  ~ [<~- , n  ;~II~~F- ( t
2
- , n ]  1
1  
f o a  f o T  z ( s ) d s d r d c x  
[ 1
C  t j , ( t  )  1 " 2 ]  l~ 1 0  1 T  .  
+  - t / J (  '
1 1 1
)  z ( s ) d s d r . d c x d P ;  
' I I  f 1 2 ,  f 1 1  l ) a  0  0  0  
w h e r e  t j , ( t ,  ' 1 1 )  =  2 ( t
3
- r r r ) - 3 ( t
2
- , n .  t j , ( r n .  ' l d  : / ;  0 ,  t j , ( ' 1 1 ·  r n t  =  0 ;  











r  z ( s ) d s d r  
.  ~ r n .  ' 1 1  l o  l o  




]  f~ ( '  (  z ( s ) d s d r d o : d P ;  
l l , ,  ~ r n .  ' 1 1  " '  l o  l o  l o  
w l a e r e  ~Et I q l )  =  ( t
3
- r r r > - 3 ( t
2
- ' l l ) l  ~ErnI q l )  : / ;  0 ;  ~ED111 ' l d  =  0 .  
T h e  e x p r e s s i o n . s  ( 2 . 6 ) - ( 2 . 1 0 )  g i v e  t h e  u n i q u e  s o l u t i o n  o f  L u  =  z ,  s u b j e c t  r e -
s p e c t i v e l y  t o  t h e  b o u n d a r y  c o n d i t i o n s  ( 1 . 2 ) ,  ( 1 . 4 ) ,  ( 1 . 6 )
1  
( 1 . 8 )  a n d  ( 1 . 1 0 ) .  E a c h  
e x p r e s s i o n  c a n  b e  o b t a i n e d  b y  r e p e a t e d  i n t e g r a t i o n  o f  L u  =  z ,  a n d  u s i n g  t h e  
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3 .  T h e  m a i n  r e s u l t s  
I t  w i l l  b e  c o n v e n i e n t  t o  d e n o t e  b y  G 1 .  a n d  G
2  
t h e  f o l l o w i n g  h y p o t h e s e s :  
G
1
:  t h e r e  e x i s t  f u n c t i o n s  a  E  G
0
[ [ 0 ; 1 ]  x  R
3
, R ]  a n d  { 3  E  £
1
[ 0 ,  1 ]  s u c h  t h a t  
( 3 . 1 )  
~gEt IuIvIw I z Fl ~ a ( t , u , v , w ) z
2  
+  { J ( t )  
f o r  e v e r y  ( u ,  v ,  w ,  z )  E  R
4  
a n d  f o r  a . e .  t  E  [ 0 ,  l ] ;  
G 2 :  t h e r e  e x i s t  f u n c t i o n s  p ,  q ,  , . ,  s  E  £
2
[ 0 .  1 ]  a n d  m E  £
1  
[ 0 ,  1 ]  s u c h  t h a t  
( 3 . 2 )  j g ( t ,  u ,  v ,  t u ,  z ) l  ~ p ( t ) l u l  +  q ( t ) l v l  +  r ( t ) l w l  +  s ( t ) l z l  +  m ( t )  
O u r  f i r s t  s e t  o f  r e s u l t s  - T h e o r e m s  3 . 1 ,  3 . 2 ,  3 . 3  - h a v e  t o  d o  w i t h  G  1 ,  a n d  i s  
a s  f o l l o w s .  
T H E O R E M  3 . 1 .  L e t  g  s a t i s f y  h y p o t h e s i s  G
1
•  S u p p o s e  t h e r e  e x i s t  f u n c t i o n s  
a  E  C
1  
[ 0 ,  1 ] .  b ,  c ,  d E  C
0
( 0 ,  1 )  a n d  h E  £
1  
( 0 ,  1 )  s u c h  t h a t  
( 3 . 3 )  g ( t ,  u ,  v ,  t u ,  z ) t u  ~ a ( t ) z w  +  b ( t ) w
2  
+  c ( t ) l v w l  +  d ( t ) j u w l  +  h ( t ) l w l ,  
w h e r e  
( 3 . 4 )  a ' ( t )  ~ a o ,  b ( t )  ~ - b o ,  c ( t )  ~-coI d ( t )  ~-do 
a n d  a o ,  b
0
,  c o ,  d o  a r e  c o n s t a n t s .  T h e n ,  f o r  a l l  a r b i t r a r y  ·c o n t i n u o u s  f u n c t i o n s  
q ,  :  R  - +  R  a n d  f o r  e v e r y  e  E  £
1
( 0 ,  1 ] ,  t h e  b v p  ( 1 . 1 ) ,  { 1 . 2 )  h a s  a t  l e a s t  o n e  
s o l u t i o n  i f  
( 3 . 5 )  
a o  +  2 b o  .  2 c o  4 d o  
2  
2  
+ - + - 2  < r r .  
7 r  7 r  
T H E O R E M  3 . 2 .  L e t  g  s a t i s f y  h y p o t h e s i s  G
1  
a n d  s u p p o s e  t h e r e  e x i s t  f u n c t i o n s  
a ,  b ,  c ,  d ,  E  C
0
( 0 ,  1 )  a n d  h  E  £ 1  ( 0 ,  l )  s u c h  t h a t  
( 3 . 6 )  g ( t ,  u ,  v ,  w ,  z ) w  ~ a ( t ) l z w l  +  b ( t ) w
2  
+  c ( t ) l v w l  + d ( t ) l u w l  +  h ( t ) l w l  
w h e r e  
( 3 . 7 )  a ( t )  ~ - a o ,  .  ~EtF ~ - b o ,  c ( t )  ~-coI d ( t )  ~-do 
a n d  a o , b o , c o , d o  a r e  c o n s t a n t s .  T h e n  f o r  e v e r y  e  E  £
1
( 0 ,  1 1  t h e  b v p  ( 1 . 7 ) ,  ( 1 . 9 )  
h a s  a t  l e a s t  o n e  s o l u t i o n  i f  
( 3 . 8 )  
4 c o  B d o  1 1 '
2  
r r a o  +  2 b o  +  - +  - <  - .  
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T H E O R E M  3 . 3 .  L e t  g  s a t i s f y  a l l  t h e  c o n d i t i o n s  o f T h e o r e m  3 . 1  a n d  s u p p o s e  
t h a t  
( 3 . 9 )  l ' l l ( y ) l  $  . 6 . o i Y I  +  . 6 . d y l
7
;  l i f ( y )  : =  1 Y  , P ( s ) d s ,  1  S  r  $  2 ;  
w h e r e  . 6 .
0  
~ 0 ,  . 6 .
1  
~ 0  a r e  c o n s t a n t s .  T h e n  f o r  a r b i t r a r y  e  E  £
1  
[ 0 ,  1 ]  t h e  b v p  
( 1 . 3 ) ,  ( 1 . 4 )  h a s  a t  l e a s t  o n e  s o l u t i o n  i f  
( 3 . 1 0 )  
(
a o  )  2 c o  4 d o  
2  
2  +  b o  +  . 6 . 1  +  - ; - +  - - ; ; : 2  <  1 r  •  
T h e  ·n e x t  s e t  o f  r e s u l t s  c o n c e r n  h y p o t h e s i s  G
2  
a n d  i s  a s  f o l l o w s .  
T H E O R E M  3 . 4 .  L e t  g  s a t i s f y  h y p o t h e s i s  G ' l '  a n d  s u p p o s e  t h a t  t h e r e  e x i s t  f u n c -
t i o n s  a ,  b ,  d E  C
0
[ 0 ,  1 } ,  c  E  C
1  
[ 0 ,  1 )  a n d  h  E  £
1  
[ 0 ,  1 )  s u c h  t h a t  
( 3 . 1 1 )  g ( t ,  u ,  v ,  w ,  z ) w  ~ ! J ( t ) l z w l  +  b ( t ) l w
2
l  +  c ( t ) v w  +  d ( t ) j u w l  +  h ( t ) l w l ,  
w h e r e  
( 3 . 1 2 )  a ( t )  ~ - a o ,  c ' ( t )  $  c o ,  b ( t )  ~ ' - b o ,  d ( t )  ~ - d o  
a n d  a o ,  b o ,  c o  a n d  d o  a r i  c o n s t a n t . s .  S u p p o s e  f u r t h e r  t h a t  
( 3 . 1 3 )  
l x ( Y ) l  $  . 6 . o ,  . 6 . o  ~ 0  a  c o n s t a n t .  
T h e n ,  f o r  e v e r y  e  E  £
1
[ 0 ,  1 )  t h e  b v p  ( 1 . 5 ) ,  ( 1 . 6 )  h a s  a t  l e a s t  o n e  s o l u t i o n  i f  
2  .  
1 r l l s l 1 2  +  ( 2 . 6 . o  +  a o  +  2 l l r l l 2 )  +  - ( . 6 . o  + b o  +  ! l q l 1 2 )  
1 r  .  
( 3 . 1 4 )  
\  
4  1  1 r  
+  , . .
2
l 1 P l 1 2 +  IKK
O
Eco+~doF <  2  
T H E O R E M  3 . 5 .  L e t  g  s a t i s f y  h y p o t h e s i s  G 2  a n d  s u p p o s e  t h a t  t h e r e  e x i s t  f u n c -
t i o n s  a ,  b ,  c ,  d  E  C O [ O ,  1 )  a n d  h  E  £
1
[ 0 ,  1 ]  s u c h  t h a t  c o n d i t i o n s  ( 3 . 6 )  a n d  ( 3 . 7 )  
h o l d .  T h e n ,  f o r  a r b i t r a r y  f u n c t i o n s  e  E  £
1
( 0 ,  1 ] ,  e a c h  o f  t h e  b v p s  ( 1 . 7 ) ,  ( 1 . 8 ) ;  
( 1 . 7 ) ,  ( 1 . 1 0 ) ,  a n d  ( 1 . 7 ) ,  ( 1 . 1 1 )  h a s  a t  l e a s t  on~ s o l u ,t i o n  i f  
2  4  4  1 r  
( 3 . 1 5 )  7 r l l s l 1 2,  +  ( a o  +  2 l l r l l 2 )  +  ; ( b o  +  2 l l q l l 2 1 +  , . .
2  
( c o t  I ! P i b ) .  + .  , . .
3  
d o  <  2  •  
2  4  '  8  I  1 f "  
( 3 . 1 6 )  , . . l l s l ! l  +  ( a o  +  1 l r l l 2 )  +  ; ( b o  +  2 l l q l l 2 )  +  , . .
2
( c o  +  1 1 P l l 2 )  +  , . - 3 d o  <  2 '  
,  4  ·  b o  •  4  , . .  
( 3 . 1 7 )  , . . l l s l 1 2  +  ( a o  +  2 l l r l l 2 )  +  ; ( l l P l l 2  ~ l l q l h  +  2 )  +  , . .
2
( c o  + d o ) <  2 '  
~------
• - , .  
! i ; t : .  
I · ; ;  
~ · 
K ~ · ' -
. I  
'  
s u p p o s e  
! h e  b v p  
• u n c -
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r e s p e c t i v e l y .  
R e m a r k s  T h e o r e m  3 . 1  r e m a i n s  v a l i d  s u b j e c t  t o  t h e  b o u n d a r y  c o n d i t i o n s  
u " ( O )  =  uD~E1F =  u ( 7 J t )  =  u ( ' 7 2 )  =  0 ,  
i n s t e a d  o f  (  1 . 2 ) .  S i m i l a r l y  T h e o r e m  3 . 2  i s  s t i l l  v a l i d  i f  t h e  b o u n d a r y  c o n d i t i o n s  
u " ( O )  =  u " ' ( 1 )  =  u ( q t )  =  t J ( ' 7 2 )  =  0  
h o l d ,  i n s t e a d  o f  ( 1 . 9 ) .  
4 .  S o m e  p r e l i m i n a r i e s  t o  t h e  p r o o f s  
T h e  p r o c e d u r e  i s  e s s e n t i a l l y  t h e  n m e  a s  i n  [ 2 ) ,  t h e  s t a r t i n g  p o i n t  i s  t o  r e c a s t  
e a c h  o f  t h e  b v p s  i n  t h e  a b s t r a c t  f o r m  ( 2 . 1 ) ,  w h i c h  w e  t h e n  e m b e d  i n  
L u + > . N u = e ,  M~>KK~1I 
t h u s  f a c i l i t a t i n g  t h e  a p p l i c a t i o n  o f  t h e  L e r a y - S c h a u d e r  c o n t i n u a t i o n  T h e o r e m  
o f  M a w h i n  [ 8 ) .  W e  s h a l l  i l l u s t r a t e  t h i s  h e r e  f o r  t h e  b v p  ( 1 . 1 ) ,  ( 1 . 2 ) ,  s i n c e  a  
c o r r e s p o n d i n g  s e t t i n g  c a n  t h e n  b e  e a s i l y  s t a t e d  f o r  e a c h  o f  t h e  o t h e r  b v p s . ,  
L e t  L  b e  d e f i n e d  b y  ( 2 , 2 )  a n d  ( 2 . 4 ) ,  w h e r e  X  =  C
3
[ 0 ,  1 )  a n d  Z  =  £ 1 [ 0 ,  1 )  




u ( t ) z ( t )  d t  d e n o t e  t h e  d u a l i t y  p a i r .  D e f i n e  t h e  n o n l i n e a r  m a p  N  : X - +  Z  b y  
( N u ) ( t )  =  ( u " ( t ) ) u
1 1 1
( t ) - g ( t ,  u ( t ) ,  u ' ( t ) ,  u " ( t )
1  
u " ' ( t ) ) ,  
s o  t h a t  N  i s  b o u n d e d  a n d  c o n t i n u o u s .  L e t  J (  :  Z  - +  X  b e  t h e  l i n e a r  m a p  ( g i v e n  
b y  ( 2 . 6 ) )  s u c h  t h a t  f o r  z  E  Z , I < z  E  D ( L )  a n d  L I < z  =  z ,  a n d  f u r t h e r m o r e  f o r  
u  E  D ( L ) ,  K L u .=  u .  T h e n  I < N :  X - +  X  i s  a  c o m p a c t  m a p p i n g ,  s i n c e  ( a s  c a n  
b e  v e r i f i e d  b y  t h e  A r z e l a - A s c o l i ' s  t h e o r e m )  J (  m a p s  b o u n d e d  s u b s e t s  o f  Z  i n t o  
r e l a t i v e l y  c o m p a c t  s u b s e t  o f  X .  
N o w  u  E  C
3
[ 0 ,  1 )  i s  a  s o l u t i o n  o f  ( 1 . 1 ) ,  ( 1 . 2 )  i f  a n d  o n l y  i f  u  i s  a  s o l u t i o n  o f  
t h e  o p e r a t o r  e q u a t i o n  
(  4 . 1 )  
L u +  N u  =  e  
o r ,  e q u i v a l e n t l y ,  i f  a n d  o n l y  i f ,  f o r  > . .  =  1 ,  u  i s  a  s o l u t i o n  o f  
( 4 . 2 )  
L u + > . N u = > . e ,  M ~ >K ~ 1K 
O b s e r v e  f r o m  L e m m a  2 . 1  t h a t  f o r  > . .  =  0 ,  u  =  Q  i s  t h e  o n l y  s o l u t i o n  o f  (  4 . 2 ) .  
F u r t h e r m o r e ,  w i t h  J (  d e f i n e d  a s  a b o v e ,  u  E  C
3
( 0 ,  1 )  i s  a  s o l u t i o n  o f  ( 1 . 1 ) ,  ( 1 . 2 )  
i f  a n d  o n l y  i f  f o r  > . .  =  1 ,  u  i s  a  s o l t u i o n  o f  
( 4 . 3 )  u +  > . I < N u  = > . I <  e .  
•  
~ 
, ,  
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T h u s  t h e  L e r a y - S c h a u d e r  c o n t i n u a t i o n  t h e o r e m  c a n  b e  a p p l i e d  t o  o b t a i n  t h e  
e x i s t e n c e  o f  a  s o l u t i o n  o f  (  4 . 3 )  f o r  . A  =  1 .  T o  a c h i e v e  t h i s  i t  s u f f i c e s  ( s e e  [ 8 ] )  t o  
s h o w  t h a t  t h e  s e t  o f  a l l  p o s s i b l e  s o l u t i o n s  o f  t h e  p a r a m e t e r  d e p e n d e n t  b v p  
( 4 . 4 )  u ( i v )  +  > . < P ( u " ) u " '  =  . A g ( t ,  u ,  u ' ,  u " ,  u " ' )  +  > . e ( t ) ,  0  $  > .  $  1 ,  
(  1 . 2 )  i s  a - p r i o r i  b o u n d e d  i n  X  b y  a  c o n s t a n t ,  i n d e p e n d e n t  o f  ) . .  E  ( 0 ,  1 )  a n d  o f  
s o l u t i o n s  o f  ( 4 . 4 ) ,  ( 1 . 2 ) .  S i n c e  t h e  e x i s t e n c e  o f  [ {  i s  a s s u r e d  b y  L e m m a  2 . 2 ,  t h e  
p r o o f  o f  e x i s t e n c e  o f  s o l u t i o n s  o f  e a c h  o f  t h e  b v p s  w i l l  f o l l o w  o n c e  t h e  d e s i r e d  
a - p r i o r i  b o u n d  i s  e s t a b l i s h e d  f o r  a n  a p p r o p r i a t e l y  d e f i n e d  p a r a m e t e r  d e p e n d e n t  
e q u a t i o n  a n d  i t s  c o r r e s p o n d i n g  b o u n d a r y  c o n d i t i o n s .  
N o w ,  l e t  
l l u l l o o  =  s u p  l u ( t ) l ,  l l u l h  =  t  l u ( s ) l  d s ,  !lull~ =  t  l u ( s W d s .  
M~ 1~ 1 J o  Jo  
W e  s h a l l  h a v e  c a u s e  t o  u s e  t h e  f o l l o w i n g  r e s u l t s  [ 2 ;  L e m m a s  1 - 4 ] .  
L F : M M A  4 . 1 .  L e t  t t  E  C
1
( 0 ,  1 ] .  I f  
( i )  u ( O )  =  0 ,  t h e n  llttll~ $  ~lluDll ~; 
1 1 " .  




( i i i )  u ( T J )  =  0 , 0  $  T J  $  1 ,  t h e n  !lull~A OM;ffuD ll~K M ,  =  m a x { T J ,  1 - 1 7 } ;  
1 1 "  
( i v )  u ( O )  =  u ( l )  =  0  t h e n  l l u l l o o  $  ~ lluDlh · 
5 .  P r o o f  o f  T h e o r e m s  3 . 1 ,  3 . 2  a n d  3 . 3  
W e  s t a r t  w i t h  T h e o r e m  3 . 1 .  L e t  u  b e  a n  a r b i t r a r y  s o l u t i o n  o f  ( 4 . 4 ) ,  ( 1 . 2 ) .  T h e n  
b y  L e m m a  4 . 1 ,  
( 5 . 1 )  
s o  t h a t  
( 5 . 2 )  
( 5 . 3 )  
llu"ll ~ $  -; llu"Dll~K 









l l u " l l o o  =  ~llu"Dlh 
I
I  ff~ 
1 6  
. ,  
2  
I I  ' " I I ?  
1 6
1 1  " '  ~ 
u  2  $  7 1 "
6  
M , j ,  M ,
1 1  
t t  2  $  ; 5  u  1 1 2 .  
lluDll ~ $  :
4  
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s i n c e  M , ,  ~ 1 , M , l  ~ 1 .  N o w  m u l t i p l y  ( 4 . 4 )  b y  u " ,  i n t e g r a t e  f r o m  O ; t o  1  a n d  
u s e  ( 3 . 3 ) ,  ( 3 . 4 )  a n d  t h e  f a c t  t h a t  1
1  
u " ¢ ( u " ) u " '  d t  =  0 ,  t o  o b t a i n  I  
- r •  ( u " ' )
2
d t  ~ ~ t  [ a ( t ) u " u " '  +  b ( t ) u "
2  
+  c ( t ) l u ' u " l  
J o  l o  ·  
+  d ( t ) ! u u " l  +  h ( t ) l u " l  +  e ( t ) u " J  d t  
~ -~ [ C b o  +  a ;  Fllu"ll~ +  c o l l u ' l l 2 1 1 u " l l 2  
+  d o l l i t l l 2 1 ! u " l l 2  +  ( l l h l h  +  l l e l h ) l l u " l l o o ]  ·  
F r o m  t h e  e s t i m a t e s  ( 5 . 1 ) ,  ( 5 . 2 ) ,  ( 5 . 3 )  i t  f o l l o w s  t h a t  




c o +  :
4
d o ]  llu"Dll~+ ~Ellhll1 + l l e l l . ) l l u " ' l b ,  
s o  t h a t  
( 5 . 4 )  
H l l h l h  +  l l e l h )  : :  p  
1 ! u " ' l l 2  ~ 
1  
_  - f r  [~ +  ~ +  * 1  
p r o v i d e d  ( 3 . 5 )  h o l d s ,  a s  w e  h e n c e f o r t h  a s s u m e .  T h u s  
( 5 . 5 )  l l u " l l o o  ~ p ,  l l u ' l l o o  ~ p ,  l l u l l o o  ~ P  
b y  ( 5 . 4 )  a n d  ( 1 . 2 ) .  
N o w  l e t  
M p  = m a x  l o ( t ,  u ,  v ,  w ) l  f o r t  E  [ 0 ,  1 )  u ,  v ,  w E  [ - p ,  p )  
N p  = m a x  l t / > ( w ) l  f o r  w E  [ - p , p ) ,  
t h e n  f r o m  ( 4 . 4 )  a n d  ( 3 . 1 ) ,  
l l u ( i v ) l l l  ~ p N p  +  P
2  
M p  +  I I J 3 1 h  +  l l e l h  =  p •  
S i n c e  f r o m  ( 1 . 2 ) ,  u " ' ( t
1
)  =  0  f o r  s o m e  t
1  
E  ( 0 ,  1 ) ,  i t  r e a d i l y  f o l l o w s  n o w  t h a t  
( 5 . 6 )  
l l u " ' l l o o  ~ l l u ( i v ) l h  ~ p • .  
T h i s  t o g e t h e r  w i t h  ( 5 . 5 )  g i v e  t h e  d e s i r e d  a - p r i o c i  b o u n d .  
T h r n i n g  n o w  t o  T h e o r e m  3 . 2 ,  o b s e r v e  f r o m  t h e  b o u n d a r y  c o n d i t i o n s  ( 1 . 9 )  a n d  
i '  L e m m a  4 . 1  t h a t  t h e  f o l l o w i n g  e s t i m a t e s  n o w  h o l d :  
( 5 . 7 )  llu"ll~ $  :
O
llu"Dll~I lluDll~ ~ :
2  
M;Illu"ll~K !lull~ ~ :
2  
M;llluDll~ 
• •  4  '  K~ - - - - -




.  \  
I  
, '  
. - '  
i  
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s o  t h a t ,  s i n c e  M q
1  
<  1 ,  M q ,  <  1 ,  
( 5 . 8 }  
!lull~ ~ 
6
!  llu"Dll~ K lluDll~ ~ 
1
~ llu"Dll~· 
7 f  7 f  
T h e  a c t u a l  p r o o f  o f  t h e  t h e o r e m  c a n  b e  o b t a i n e d  b y  m u l t i p l y i n g  
( 5 . 9 }  
u ( i v )  = ·  . . \ g ( t ,  u ,  u ' ,  u " ,  u " ' )  +  . . \ e ( t )  
b y  u "  a n d  p r o c e e d i n g  a s  i n  t h e  p r o o f  o f  T h e o r e m  3 . 1  u s i n g  ( 3 . 1 } ,  ( 3 . 6 } ,  ( 3 . 7 }  
a n d  ( 3 . 8 } .  F u r t h e r  d e t a i l s  w i l l  b e  o m i t t e d  h e r e .  
W e  t u r n  l a s t l y  t o  t h e  p r o o f  o f  T h e o r e m  3 . 3 .  A g a i n  b y  L e m m a  4 . 1  a n d  t h e  
b o u n d a r y  c o n d i t i o n s  ( 1 . 4 } ,  w e  h a v e :  
ll u"ll~ ~ :
O
llu"Dll~K 








7 f  1 r .  
llull~ ~ ~~ M;llu"Dll~ K lluDll~ ~ :
O
llu"Dll~ · 
N o w  l e t  u  b e  a n y  s o l u t i o n  o f  t h e  b v p  
( 5 . 1 0 }  
( 1 . 4 }  
u (i v )  +  . . \ 1 / J (  u ' )  =  . . \ g ( t ,  u ,  u ' ,  u " ,  u " ' )  +  . . \ e ( t } ,  
u " ( O )  =  u " ( 1 }  =  u ' ( O }  =  u ( ' 7 )  =  0 .  
T h e n  o n  m u l t i p l y i n g  b y  u " ,  i n t e g r a t i n g  f r o m  0  t o  1  a n d  u s i n g . ( 3 . 3 } ,  ( 3 . 4 ) ,  a n d  
t h e  a b o v e  e s t i m a t e s ,  w e  h a v e  r e a d i l y  t h a t  ·  
( 5 . 1 1 }  





7 f 2  2  7 f  7 f 2  
1  .  .  
+  2 ( 1 1 e l l t  +  l l h l l t ) l l u " ' l h  +  I F ( u ' ( 1 ) } 1  
B u t  f r o m  ( 1 . 4 ) ,  
l u ' ( 1 ) 1  ~ 1
1  
l u " ( s ) l  d s  =  l l u " l l t  ~ l l u " l 2 ,  
s o  t h a t  b y  ( 3 . 9 ) ,  
f~E u ' ( 1 ) } 1  ~ L l o l l u " l l 2  +  iltllu"ll~ ~ L l o  l l u " ' l l 2  +  il~ llu
111
11~ · 
•  7 f  •  7 f  
,  U s i n g  t h i s  i n  ( 5 . 1 1 ) ,  w e  h a v e  t h a t  




~ [ l l e l l t  +  I I  h i l t  +  ~z 
1  
i " " f  [  (  ~ +  b o  +  L l
1
)  +  ~ +  ¥ 1 ]  ~ P  
R E S U L 1  
p r o v i d e •  
a n d  t h e  
B e c a u s t  
p r i o r i  b  
3 . 4 . ,  o b E  
T h u s  
( 6 . 1 )  
a n d  s i n  
( 6 .' 2 )  
M o r e o '  
( 6 . 3 )  
N o w ,  n  
( 6 . 4 )  
b y  u "  :  







6 ) ,  ( 3 . 7 )  
a n d  t h e  
~ 
~ 
a n d  
i  
-
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p r o v i d e d  ( 3 . 1 0 )  h o l d s ,  a s  w e  h e n c e f o r t h  a s s u m e .  T h u s ,  b y  ( 1 . 4 )  
l l u " l l o o  ~ P ·  l l u ' l l o o  ~ P  a n d  l l u l l o o  ~ P  
a n d  t h e  r e s t  o f  t h e  p r o o f  f o l l o w s  a s  i n  t h e  p r e c e d i n g  c a s e .  
6 .  P r o o f  o f  T h e o r e m s  3 . 4  a n d  3 . 5  
B e c a u s e  o f  t h e  n a t u r e  o f  t h e  b o u n d a r y  c o n d i t i o n s ,  t h e  v e r i f i c a t i o n  o f  t h e  a -
p r i o r i  b o u n d  i s  s l i g h t l y  m o r e  c o m p l i c a t e d  h e r e .  I n d e e d ,  s t a r t i n g  w i t h  T h e Q r e m  
3 . 4 ,  o b s e r v e  f i r s t  f r o m  ( 1 . 6 )  t h a t  t h e r e  e x i s t  t i E  ( 0 ,  1 ) ,  i  = . 1 , 2 , 3 , 4  s u c h  t h a t  
u " ( t l )  =  0 ,  u ' ( t 2 )  =  0 ,  u " ( t 3 )  =  0 ,  u " ' ( t 4 )  =  0 .  
T h u s  
( 6 . 1 )  l u " ( O ) I  ~ l f o
1 1  
u " ' ( s ) d s l  ~ l l u " ' l h ,  l l u " l l o o  ~ l l u " ' l h  ~ l l u " ' l l 2  
a n d  s i m i l a r l y  
( 6 . 2 )  
l u " ( l ) l  ~ l l u " ' l h ,  l u " ' ( O ) I  ~ l l u ( i v ) l h ,  l u " ' ( l ) l  ~ l l u ( i v ) l l 2 ·  
M o r e o v e r ,  b y  L e m m a  4 . 1 ,  











1 1 '  1 1 '  1 1 '  
N o w ,  m u l t i p l y  
( 6 . 4 )  u ( i v )  +  . > . x (  u ' ) u "  =  > . g ( t ,  u ,  u ' ,  u ' <  u " ' )  +  ~eEtF I 0  $  > .  ~ 1 ,  
b y  u "  a n d  i n t e g r a t e  f r o m  0  t o  1  t o  o b t a i n  
- l o t  ( u m )
2
d t  =  u " ' ( O ) u " ( O ) - u " ' ( 1 ) u " ( 1 ) - > . l o t  x ( u ' ) ( u " )
2
d t  
+ > . l o t  u " g ( t , u , u ' , u " , u " ' ) d t  +  > .  f o
1  
u " e ( t ) d t  
~ >Klot ( a ( t ) l l u " l l l l u " ' l l  +  b ( t ) ( u " )
2  
+  c ( t ) u ' u "  +  d ( t ) l u u " l ]  d t  
- > .  f o
1  
x ( u ' ) ( u " )
2
d t - 2 l l u " ' l l d l u c i " ) l h - We l h  +  l l h l l t )  l l u " l l o o .  
- {  
I  
\  
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b y  { 3 . 1 1 ) ,  { 6 . 1 )  a n d  { 6 . 2 ) .  T h e r e f o r e ,  b y  ( 3 . 1 3 ,  { 3 . 1 2 )  a n d  t h e  e s t i m a t e s  ( 6 . 3 ) ,  
( 6 . 5 )  








<  - ao  +  - +  - +  - +  - u  
2  
- 1 f  1 f  1 f 3  ; r 3  1 f  
+  2 l l u ' " l h l l u ( i l l ) l h  +  ( l l e l h  +  l l h l l t )  l l u " l l o o ,  
s i n c e  M , ,  ~ 1,  M
1
,  ~ L  Bu~ f r o m  ( 6 . 4 ) ,  ( 3 _. 2 ) ,  ( 3 . 1 3 ) .  a 1 1 d  ( Q . 3 ) ,  
{ 6 . 6 )  
.  { 4  2  2  2  }  
l l u < • " ) l l t  ~ 3 I I P I I 2  +  2 l l q l l 2  +  - l l r l ! - 2  +  l l s l b  +  - L l o  l l u " ' l b  
1 f  1 f  1 f  .  1 f  
+  ( l l m l h  +  l l e l l t ) ,  
s o  t h a t  o n  c o m b i n i n g  t h i s  ~ith t h e  e s t i m a t e  { 6 . 5 )  w e  h a v e  r e a d i l y  t h a t  
l l u
1 1 1
l b  <  
3
1 1 e l h  +  2 l l m l h  +  l l h l h  
- 1 - p  =  p ,  
w h e r e  
2  4  .  8 .  •  2  
P  =  2 l l s l ! 2  +  - { 2 L l o  + a o  + 2 l l r l l 2)  +  2 ( L l o + b o  +  l l q l l 2 )  +  3 I I P I I 2  +  4 ( c o  + 4 d o ) ,  
1 f  1 f  1 f  1 f  
a n d  P  <  1  b y  { 3 . 1 4 ) .  
T h u s  
( 6 . 7 )  l l u " l l o o  ~ p ,  l l u ' l l o o  ~ p ,  l l u l l o o  ~ p ,  
a n d  b y  { 6 . 5 ) ,  l l u ( i " ) l h  ~ p .  s o  t h a t  
( 6 . 8 )  ·  -l l - u
1 1 1
l l o o  ~ l l u ( i l l ) l h  ~ P •  
B o t h  ( 6 . 7 )  a n d  ( 6 . 8 )  g i v e  t h e  d e s i r e d  a - p r i o r i  b o u n d .  
N e x t ,  w e  g i v e  a n  i n d i c a t i o n  o f  t h e  p r o o f  o f  T h e o r e m  3 . 5  f o r  t h e  b v p  { 1 . 7 ) ,  
{ 1 . 1 1 ) .  F r o m  t h e  b o u n d a r y  c o n d i t i o n s  ( 1 . 1 1 )  a n d  L e m m a  4. 1 ,  i t  w i l l  b e  e v i d e n t  




)  =  0  f o r  t 1  E  { 0 ,  ! ) ,  a n d  t h a t  '  
l l u l l 2  ~ l l u ' l b ,  lluDll~ $  :
O
llu"ll~I lluDDll~ ~ :
2
M ; ;  llu"D-11~-
T h u s ,  o n  m u l t i p l y i n g  { 5 . 9 )  b y  u "  a n d  a r g u i n g  i " S  i n  t h e  a b o v e ,  w e  h a v e  r e a d i l y  
t h a t  
llu"Dll~ ~ 2 l l u
1 1 1
l l d l u ( i " ) l h  . + !  [ a o  +  ! b o  + ·  
4
2
( c o  + d o ) ]  llu"Dll~ 
1 f  9 1 "  1 f  
+  ( l l e l h  +  l l h l l t )  l l u
1 1 1
l h  .  
2  [  4  1  
( 6 . 9 )  ~ ;  1 r l l s l l 2  +  ( a o  +  2 l l r l l 2)  +  ; ( I I P I I 2  +  l l q l l 2  +  2 b o )  
I  •  
+  :
2  
( c o +  d o ) ]  llu
111
11 ~ +  { 3 l l e l h  +  2 l l m l h  +  l l h l l t ) l l u " ' l b ,  
l  p r  
- 1  I  
es  ( 6 . 3 ) ,  
4 d o , ,  
' ) ,  
l t  
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s o  t h a t  b y  ( 3 . 1 7 )  l l u " ' l l 2  ~ p .  
T h u s  
l l u " l l o o  ~ p ,  l l u ' l l o o  ~ p ,  l l u l l o o  ~ P  
w h e r e  p  >  0  i s  a  f i n i t e  c o n s t a n t .  
4
T h e  r e s t  o f  t h e  p r o o f  t h e n  f o l l o w s  a s  b e f o r e .  
T h e  p r o o f ,  f o r  t h e  o t h e r  b v p s  ( 1 . 7 ) ,  ( 1 . 8 ' )  a n d  { 1 . 7 ) ,  ( 1 . 1 0 )  c a n  b e  s i m i l a r l y  
o b t a i n e d ;  f u t t h e r  d e t a i l s  a r e  o m i t t e d  h e r e .  
/  
R e m a r k s  T h e  e x i s t e n c e  o f  a t  l e a s t  o n e  s o l u t i o n  f o r  e a c h  o f  t h e  b v p s  i n  T h e -
o r e m s  3 . 4  a n d  3 . 5  i s  s t i l l  a s s u r e d  i f  i n s t e a d  o f  t h e  c o n d i t i o n  { 3 . 6 )  o r  { 3 . 1 1 )  g  i s  
a s s u m e d  t o  s a t i s f y  
( 6 . 1 0 )  g ( t ,  u ,  v ,  w , . z ) w  ~ - s ( t ) i z l l w i - r ( t ) w
2
- q ( t ) i v l l w i - p ( t ) i u l l w l - m ( t ) f w l ,  
a  c o n d i t i o n  t h a t  i s  i m p l i e d  b y  ( 3 . 2 ) ,  a s  c a n  b e  r e a d i l y  v e r i f i e d .  I n d e e d ,  t h e  
f o l l o w i n g  s p e c i a l  c a s e  o f  T h e o r e m  3 . 4  h o l d s :  
T H E O R E M  3 . 4 ' .  L e t  g  s a t i s f y  h y p o t h e s i s  G 2  a n d  l e t  x  s a t i s f y  ( 3 . 1 3 ) .  T h e n  J o t  
a r b i t r a r y  e  E  £
1
[ 0 ,  1 ] ,  t h e  b v p  { 1 . 5 ) ,  ( 1 . 6 )  h a s  a t  l e a s t  o n e  s o l u t i o n  i f  
( 6 . 1 1 )  
2  2  4  2  1 ( 1 r )  
.  l l s l l 2  +  ; l l r l l 2  +  1 r
2
l l q l l 2  +  ~ I I P I I 2 +  ; A o  ~ 2  1 r  +  
1  
A  c o r r e s p o n d i n g  r e s u l t  c a n  b e  s t a t e d  f o r  T h e o r e m  3 . 5 .  
7 .  U n i q u e n e s s  o f  s o l u t i o n s  
H e r e  w e  s h a l l  b e  c o n c e r n e d  w i t h  f o u r t h  o r d e r  d i f f e r e n t i a l  e q u a t i o n s  o f  t h e  for~: 
( 7 . 1 )  
( 7 . 2 )  
( 7 . 3 )  
u ( i u )  + A u " '  =  g ( t ,  u ,  u ' ,  u " ,  u " ' )  +  e ( t ) ,  
u ( i u )  + A u '  =  g ( t ,  u ,  u ' ,  u " ,  u " ' )  +  e ( t ) ,  
u ( i u )  + A u " =  g ( t ,  u ,  u ' ,  u ' i ,  u " ' )  +  e ( t ) ,  
w i t h  b o u n d a r y  c o n d i t i o n s  ( 1 . 2 ) ,  { 1 . 4 )  a n d  { 1 . 6 )  r e s p e c t i v e l y ,  w h e r e  A  i s  a  c o n -
s t a n t .  W e  s h a l l  a l s o  c o n s i d e r  t h e  e q u a t i o n  
{ 1 . 7 )  
u ( i u )  =  g ( t ,  u ,  u '  , . u " ,  u " ' )  +  e ( t ) ,  
t o g e t h e r  w i t h  e a c h  o f  t h e  b o u n d a r y  c o n d i t i o n s  { 1 . 8 ) ,  { 1 . 9 ) ,  ( 1 . 1 0 )  a n d  { 1 . 1 1 ) .  
O u r  u n i q u e n e s s  t h e o r e m s  w i l l  b e  g r o u p e d  i n t o  t w o ,  a c c o r d i n g  a s  g  s a t i s f i e s  
h y p o t h e s i s  G t  o r  G 2 .  W e  s t a r t  w i t h  G
2
,  a n d  f o r  t h i s  w e  m a k e  t h e  f o l l o w i n g  
b a s i c  a s s u m p t i o n :  
'  I  
G 3 :  T h e r e  e x i s t  f u n c t i o n s  p , q , r , s  E  L
2
[ 0 , 1 ]  s u c h  t h a t  f o r  a l l  ( u i , V i , w . : , z i )  E  
R
4
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Z 2 ) - g ( t ,  U t ,  V t ,  W t ,  z l ) l  
~ p ( t ) l u 2 - u d  +  g ( t ) l v 2  - v d  +  r ( t ) l w 2 - w d  +  s ( t ) l z 2 - z d  
T H E O R E M  7 . 1 .  L e t  t h e  f u n c t i o n  g  s a t i s f y  h y p o t h e s i s  G
3  
a n d  l e t  e  E  L
1
[ 0 , 1 ]  
b e  a n  a r b i t r a r y  f u n c t i o n .  T h e n  e a c h  o f  t h e  b v p s  ( 7 . 3 ) ,  ( 1 . 6 ) ;  ( 1 . 7 ) ,  ( 1 . 8 ) ;  ( 1 . 7 ) ,  
( 1 . 1 0 ) ;  a n d  ( 1 . 7 ) ,  ( 1 . 1 1 )  h a s  a  u n i q u e  s o l u t i o n  i f  
( 7 . 5 )  
2  2  4  2  1 (  1 f )  





1 1 "  1 f  1 f  1 f  +~ 
( 7 . 6 )  
2  4  4  1 ( 1 f )  
l l s l l 2  +  ; l l r l l 2  +  1 r
2
l l q l l 2  +  1 r
3
I I P I I 2  <  2  
1  
+  7 r  
( 7 . 7 )  
2  4  8  (  1 f  )  
l l s l l 2  +  ; l l r l b  +  1 r
2
l l q l l 2  +  1 r 3 I I P I I 2  <  
2  
+  1 f  
{ 7 . 8 )  
2  4  1 (  1 f )  
l l s l l 2  +  ;  l l r l b  + . , 7 r
2  
( l l q l l 2  +  I I P I I 2 )  <  2  
1  
+  7 r  
r e s p e c t i v e l y .  
F o r  t h e  c a s e  g  s a t i s f y i n g  G  
1
,  t h e  f o l l o w i n g  a s s u m p t i o n s  w i l l  b e  m a d e :  
G
4
:  t h e r e  e x i s t  f u n c t i o n s  a  E  C
1
[ 0 , 1 ]  a n d  b , c , d  E  C
0
[ 0 , 1 ]  s a t i s f y i n g  ( 3 . 4 )  s u c h  
t h a t  f o r  a l l  ( u ; , v ; , w ; , z ; )  E  R 4 ,  i  =  1 , 2 · a n d  f o r  a . e .  t  E  [ 0 , 1 ]  
( 7 . 8 )  
( g ( . t ,  U 2
1  
V 2 ,  tO~ Z 2 ) - g ( t ,  U t
1  
V t ,  W t ,  Z t ) ) ( w 2  - W t )  
~ a ( t ) ( z 2 - z t ) ( w 2 - W t )  +  b ( t ) ( w 2 - w t )
2  
+  c ( t ) l v 2 - v d l w 2  - w d  +  d { t ) l u 2 - u d l w 2  - w d  
G
5  
: I  t h e r e  e x i s t  f u n c t i o n s  a ,  b ,  c ,  d  E  C
0
[ 0 ,  1 ]  s a t i s f y i n g  ( 3 . 7 )  s u c h  t h a t  f o r  a l l  
( u ; , v ; , w ; , : ; )  E  R
4
,  i  =  1 , 2  a n d  f o r  a . e :  t  E  [ 0 , 1 ]  
( 7 . 9 )  










Z t ) ) ( w 2 - W t )  
>  a ( t ) l z 2 - z d l w 2 - w d  +  b ( t ) ( w 2 - w t )
2  
- I  •  
+  c ( t ) l v 2 - v 1 l l w 2  - W t l  +  d ( t ) l u 2 - u 1 l l w 2  - W t l  
- ) I · ' '  I  
\  T H E O ,R E M  7 . 2 .  L e t  g  s a t i s f y  h y p o t h e s i s  G t  a n d  G 4  a n d  l e t  e  E  L
1
( 0 ,  1 ]  3 t ,  a n  
r y  f u n c t i o n .  T h e n  e a c h  o f  t h e  b v p s  ( 7 . 1 ) ,  ( 1 . 2 ) ;  ( 7 . 2 ) ,  ( 1 . 4 ) , h a s  a  u n i q u e  
i o n  i f  t h e  c o n d i t i o n s  ( 3 . 4 )  a n d  ( 3 . 1 0 ) ,  w i t h  L l t  =  ~lA I ,  h o l d  r e s p e c t i v e l y .  
.  ' t  
E O R E M  7 . 3 .  L e t  g  S f l . t i s f y  h y p o t h e s e s  G 1  a n d • G s .  T h e n  for·I~arbitrary f u n c -
e  E  L
1
( 0 ,  1 ]  t h e  b v p  ( 1 . 7 ) ,  ( 1 . 9 )  h a !  a  u n i q u e  s o l u t i o n  i f  c o n d i t i o n  { 3 . 8 )  
R  
w .  
( 8 .  
f o r  
o f  
3 . 4  
t h i  
r  
'  
U 2  
( 8 . :  
M u  
a n c  
B u t  
T h e  
( 8 . 3  
s o t \  
i s  c l •  
T \  
i n  t t  
h e r e  
W •  
p o t h  
c o n d  
T h e e  
e a c h  
T o  
U2 -
( 8 . 4 )  
J  
) ,  I J  
. 7 ) ,  
•  
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8 .  P r o o f  o f  u n i q u e n e s s  r e s u l t s  
W e  s t a r t  w i t h  T h e o r e m  7 . 1  a n d  o b s e r v e  f r o m  c o n d i t i o n  ( 7 . 4 )  t h a t  g  s a t i s f i e s  
( 8 . 1 )  l g ( t ,  u ,  v ,  w ,  z ) l  ~ p ( t ) l u l - = t - q ( t ) l v l  +  r ( t ) l w l  +  s ( t ) l z l  +  l g ( t ,  0 ,  0 ,  0 ,  0 ) 1 ,  
f o r  a l l  ( u ,  v ,  w ,  z )  E  R ,
4  
a n d  f o r  a . e .  t  E  [ 0 ,  1 ] .  T h u s  ( 6 . ( 0 )  h o l d s  a n d  t h e  e x i s t e n c e  
o f  a t  l e a s t  o n e  s o l u t i o n  f o r _  e a c h  o f  b v p s  i n  T h e o r e m  7 . 1  i s  a s s u r e d  b y  T h e o r e m s  
3 . 4
1  
a n d  3 . 5 .  I t  s u f f i c e s ,  t h e r e f o r e  t o  v e r i f y  t h a t  s o l u t i o n s  a r e  u n i q u e .  W e  s h o w  
t h i s  f o r  t h e  b v p  ( 7 . 3 ) ,  ( 1 . 6 ) .  




b e .  t w o  d i s t i n c t  s o l u t i o n s  o f  ( 7 . 3 ) ,  ( 1 . 6 )  a n d  s e t  X  =  
u 2 - u
1
.  T h e n  
( 8  
2 )  X
( i v ) .  A X "  ( t  1  1 1  1 1 1 )  ( t  1  1 1  1 1 1 )  













X ( r y t )  =  X ( 7 7 2 )  =  X ' ( O )  =  X ' ( 1 )  =  0  
M u l t i p l y i n g  ( 8 . 2 )  b y  X "  a n d  i n t e g r a t i n g  f r o m  0  t o  1 ,  w e  h a v e ,  o n  u s i n g  ( 7 . 4 )  
a n d  t h e  e s t i m a t e s  ( 6 . 3 ) ,  w h i c h  n o w  h o l d s  f o r  X ,  t h a t  
ffuD"ff~ ~ ~ [  
4
3
I I P I I 2  +  
2
2
l l q l l 2  +  ~llrlb +  l l s l l 2  +  ~fA fz ffu
111
11~ 
7 1 '  7 1 '  7 1 '  7 1 '  7 1 '  
+  2 I I X " ' I I t i i X < i v ) l l t ·  
B u t ,  b y  ( 8 . 2 )  a n d  ( 7 . 4 ) ,  
I I X " ' I I t i i X ( i v ) l h  ~ [  
4
3
I I P I I 2  +  ~llqllO +  ~llrllO +  l l s l l 2  +  ~fAfz ffu
111
1 1 ~ · 
7 1 '  7 1 '  7 1 '  7 1 '  
T h e r e f o r e ,  
.  1  [ 4  2  2  2  ]  
{ 8 . 3 ) ·  ffu
111
ff~ ~ 2 ( 1  +  ~F 3 I I P I I 2  +  2 l l q l l 2  +  - l l r l l 2  +  l l s l l 2  +  - I A I  ffu
111
11~I 
7 1 '  7 1 '  7 1 '  7 1 '  7 1 '  
s o  t h a t  b y  ( 7 . 5 ) ,  ffu
111
11~ -~ 0 .  T h u s  ffu
111
11~ =  0 ,  a n d  s i n c e  ffuff~ ~ ~ffu"
1
ff~ K i t  
i s  c l e a r  t h a t  X ( t )  =  0  f o r  e v e r y  t  E  [ 0 ,  1 ] .  T h e r e f o r e  u
1  
=  u 2 .  
T h e  v e r i f i c a t i o n  o f  u n i q u e n e s s  f o r  t h e  o t h e r  b v p s  i r i  T h e o r e m  7 . 1  p r o c e e d s  a s  
i n  t h e  a b o v e ,  w i t h  o b v i o u s  m o d i f i c a t i o n s  i n  t h e  a r g u m e n t s .  D e t a i l s  a r e  o m i t t e d  
h e r e .  
W e  t u r n  n o w  t o  t h e  p r o o f  o f  T h e o r e m s  7 . 2  a n d  7 . 3 .  O b s e r v e  f i r s t  t h a t  h y -
p o t h e s e s  ( 7 . 8 )  a n d  { 7 . 9 )  r e s p e c t i v e l y  i m p l y  ( 3 . 3 )  a n d  ( 3 . 6 ) ,  s o  t h a t  u n d e r  t h e  
c o n d i t i o n S "  o f  T h e o r e m  7 . 2  ( r e s p  7 . 3 )  t h e  e x i s t e n c e  o f  s o l u t i o n s  i s  a s s u r e d  b y  
T h e o r e m  3 . 1  ( r e s p  3 . 2 ) .  I t  t h e r e f o r e  s u f f i c e s  t o  v e r i f y  u n i q u e n e s s  o (  s o l u t i o n s  f o r  
e a c h  o f  t h e  b v p s  i n  T h e o r e m s  7 . 2  a n d  7 . 3 .  
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H . O .  T E J U M O L A ,  B r u n o  qCe~kAdkf a n d  S . A . '  l Y A S E  
M u l t i p l y i n g  ( 8 . 4 )  b y  X "  a n d  i n t e g r a t i n g  b e t w e e n  0  a n d  1 ,  i t  w i l l  f o l l o w ,  i n  v i e w  









+  ~oz ffu
111
ff~I 
s o  t h a t  b y  ( 3 . 4 ) ,  ffu
111
11~ =  0 .  T h e  , f a c t  t h a t  u
1  
=  u 2  n o w  f o l l o w s  f r o m  t h e  
e s t i m a t e  ffuff~ ~ ~ffu
111
11~· T h e  c a s e  ( 7 . 2 ) ,  ( 1 . 4 )  c a n  b e  s i m i l a r l y  h a n d l e d .  
T h e  p r o o f  o f  T h e o r e m  7 . 3  c a n  b e  o b t a i n e d  a s  i n  t h e  a b o v e ,  u s i n g  t h e  a p p r o p r i -
a t e  e s t i m a t e s  a n d  o b v i o u s  a d a p t a t i o n s  o f  t h e  a r g u m e n t s  i n  t h e  p r o o f  o f  T h e o r e m  
3 . 2 .  D e t a i l s  o f  t h i s  a r e  o m i t t e d  h e r e .  
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